Abstract. In this paper, we construct recollements and ladders for exceptional curves by using reduction/insertion functors due to p-cycle construction. As applications to weighted projective lines, we classify recollements for the category of coherent sheaves over a weighted projective line, and give an explicit description of ladders in two different levels: the bounded derived category of coherent sheaves and the stable category of vector bundles.
Introduction
This work is devoted to weighted projective lines and their categories of coherent sheaves. These arise frequently in representation theory [10, 17, 18] . Each weighted projective line is given by a sequence of weights and a sequence of parameters, and in this work we explain a reduction procedure using the concept of a recollement. In fact, we can classify all recollements of abelian categories which have a category of coherent sheaves of a weighted projective line in the middle.
More precisely, let X(p, λ) be a weighted projective line in the sense of GeigleLenzing [10] , associated to a weight sequence p = (p 1 , p 2 , · · · , p t ) and a parameter sequence λ = (λ 1 , λ 2 , · · · , λ t ). Here, each p i is a positive integer and λ 1 , λ 2 , · · · , λ t are pairwise distinct points from the usual projective line. Denote by coh X(p, λ) the category of coherent sheaves over X(p, λ). There is a natural way to study the category coh X(p, λ) in an inductive way, namely, by reduction/insertion of weights. The reduction of weights can be done by taking perpendicular categories [11] , while the insertion of weights can be achieved by the approach of p-cycle construction [17] or its refinement-by expansions of abelian categories [6] . The above constructions can be described by the so-called reduction/insertion functors, which have nice interpretations when viewing coh X(p, λ) as a category of certain periodic cycles. Basing on this observation, we prove that these reduction/insertion functors form a pattern of adjoint functors, which determine a series of recollements of coh X(p, λ). Moreover, in this way we classify the recollements of coh X(p, λ), due to the explicit description of its localizing subcategories given by Geigle-Lenzing [11] .
Here, q := (q 1 , q 2 , · · · , q t ) is a sequence of non-negative integers satisfying q i < p i for each i and q := (q 1 , q 2 , · · · , q t ), where each q i is a sequence of integers (i 1 , i 2 , · · · , i q i ) with 0 ≤ i 1 < i 2 < · · · < i q i < p i . In this context, we call a recollement nontrivial if its right-hand term is non-zero. The functor ψ q is called a reduction and the functor ψ q is called an insertion, each of them determines the above recollement. Moreover, the kernel of ψ q is equivalent to a module category mod A(q), where A(q) is a product of path algebras of Dynkin type A n 's, and the three remaining unlabeled functors have explicit descriptions relying on q, we refer to Theorem 4.1 for details.
The functors ψ q and ψ q between the categories of coherent sheaves can be lifted to their bounded derived categories, which we denote by Ψ q or Ψ q respectively. These derived functors form an infinite sequence of adjoint pairs and yield a periodic ladder. Ladders play important roles in many context. The authors in [2] used ladders to study the derived simplicity of the derived module categories between different levels-bounded or unbounded derived categories, and finitely generated or general module categories. Recently, a sequence of adjoint functors (viewed as a 'half ladder') between compactly generated tensor-triangulated categories has been studied in [3] , in order to clarify the relationship between the Grothendieck duality in algebraic geometry and the Wirthmuller isomorphism in stable homotopy theory. In the appendix of [14] Keller also used an infinite sequence of adjoint functors to define the morphism enhancement of triangulated categories. We remind that a recollement of a triangulated category with Serre duality can be extended to a ladder by using the reflecting approach introduced by Jøgensen [13] . This approach is useful for our further study on the stable category of vector bundles over a weighted projective line.
We denote by vectX(p, λ) the full subcategory of coh X(p, λ) consisting of vector bundles. In [16] , Kussin, Lenzing and Meltzer proved that the subcategory vectX(p, λ) carries a Frobenius exact structure with all the line bundles as the indecomposable projective-injectives. The associated stable category vectX(p, λ) is a triangulated category, which is fractional Calabi-Yau and related to singularity theory and Happel-Seidel symmetry. Moreover, in [15] they established a connection between this stable category and the problem of invariant subspaces of nilpotent linear operators, which has already been investigated by Ringel-Schmidmeier [23] and Simson [24] . We show that the reduction/insertion functors restrict to exact functors between the stable categories of vector bundles, denoted byψ q andψ q respectively, which yield an periodic infinite ladder. In particular, if we are dealing with the weight triple cases, i.e, p = (p 1 , p 2 , p 3 ), we obtain a 'symmetric' ladder as follows, which covers the result of [5] . 
. . .
. .
This ladder above has direct applications in tilting theory for the stable category of vector bundles over a weighted projective line. In fact, we can prove [16, Theorem B] in an inductive way. This also provides an effective method to construct new tilting objects in the stable category vectX(p, λ), due to the explicit expressions of the functors in the ladder above. These will be investigated in the forthcoming paper.
This paper is organized as follows. Some preliminaries about recollements and ladders are collected in Section 2. We also recall the p-cycle construction for the category of coherent sheaves over an exceptional curve there. In Section 3 we define the reduction functor ψ i and the insertion functor ψ i for any integer i, and investigate their basic properties. We prove that these functors form an infinite sequence of adjoint functors, which can be used to construct recollements of the category of coherent sheaves and ladders of its bounded derived category. The applications to weighted projective lines are discussed in Section 4. We classify all the recollements for the category of coherent sheaves over a weighted projective line, which induces a periodic infinite ladder of its bounded derived category. Finally, we show that the reduction/insertion functors restrict to exact functors between the stable categories of vector bundles, yielding an infinite ladder which is also periodic.
Preliminary
In this section, we fix our notations and collect some basic facts about recollements and ladders, and introduce the category of coherent sheaves on a noncommutative exceptional curve by using p-cycles construction due to Lenzing [17] .
Throughout this paper we fix an arbitrary field k, and denote by D := Hom k (−, k). For an algebra A we denote by mod A the category of finitely generated right A modules. Let F : C → C ′ be an additive functor between additive categories. The kernel Ker(F ) of F is the full subcategory of C formed by all objects C such that F C = 0. The essential image Im(F ) is the full subcategory of C ′ formed by all objects C ′ such that C ′ is isomorphic to F C for some C ∈ C. The functor F : C → C ′ is called a quotient functor if F induces an equivalence C[Σ (1) F 1 is fully faithful; (2) F 2 is a quotient functor; (3) Ker(F 2 ) = Im(F 1 ).
2.1. Adjoint pair. Let C and C ′ be arbitrary categories, and let
be a pair of functors between them. Then (F, G) is called an adjoint pair if there exists a natural isomorphism
which are functorial in objects C ∈ C and C ′ ∈ C ′ . An adjoint pair (F, G) is often denoted by F ⊣ G, and call F a left adjoint and G a right adjoint. The following three statements are equivalent for an adjoint pair (F, G) (see [9, Prop. I.1.3]):
(2) G is fully faithful; (3) F is a quotient functor. It is well known that adjoint pairs are compatible with auto-equivalences of categories and also with compositions. More precisely, if (F, G) is an adjoint pair between C and C ′ , and there exist auto-equivalences σ of C and σ ′ of C ′ respectively, then
is also an adjoint pair; if (F 1 , G 1 ) and (F 2 , G 2 ) are adjoint pairs as follows
is also an adjoint pair.
2.2. Recollement and Ladder. Let C be an additive category. A recollement of C is the following diagram
of additive categories and additive functors such that
. By definition, the middle row of a recollement is an exact sequence. Two recollements of C are called equivalent if the related subcategories Ker(j * ) coincide.
The recollements of abelian categories or triangulated categories have been studied widely, see for examples [4, 21] . Here we only recall when the recollement (2.3) is determined by its left (right) half part. If all of C ′ , C, C ′′ are abelian categories, then the right half recollement of (2.3), i.e, the adjoint triple (j ! , j * , j * ) together with j ! and (=or) j * fully faithful, can be completed to the whole recollement; however, the dual statement is not true, i.e, the left half recollement can not be completed to a recollement in general, see [21, A ladder of an additive category C is a finite or infinite diagram of additive categories and additive functors
such that any three consecutive rows form a recollement. The rows are labelled by a subset of Z and multiple occurrence of the same recollement is allowed. The height of a ladder is the number of recollements contained in it (counted with multiplicities). A recollement is considered to be a ladder of height 1. A ladder is periodic if there exists a positive integer n such that the n-th recollement going upwards (respectively, going downwards) in the ladder is equivalent to the recollement which is considered to be a ladder of height one. The minimal such positive integer n is the period of the ladder. If the middle term of a recollement of triangulated categories has Serre duality, then by using the reflecting approach induced by Jøgensen [13] we can obtain a ladder.
2.3.
The category of p-cycles. Let H be a category of coherent sheave on a noncommutative exceptional curve X. Recall that the torsion subcategory H 0 of H has a decomposition H 0 = x∈X U x , where U x is consisting of coherent sheaves concentrated in x. Let S x be the semisimple subcategory of U x . Each point x ∈ X determines (by means of a mutation with respect to S x ) a functor σ x : H → H; E → E(x), together with a natural transformation x : Id → σ x , also denoted by the symbol x. For each sheaf E with Hom(U x , E) = 0, these data are given by the S x -universal extension:
where E x belongs to S x . In particular, if E is a torsion sheaf concentrated in a point different from x, then E(x) = E and x E = id E . Moreover, if E is a torsion sheaf concentrated in x then E(x) = τ −1 E, where τ is the Auslander-Reiten translation of H, and the kernel of x E equals the simple socle of E.
Fix a point x of X and an integer p ≥ 1.
which is p-periodic in the sense that E n+p = E n (x), x n+p = x n (x) and moreover x n+p−1 · · · x n+1 x n = x En holds for each integer n. A morphism u : E → F of p-cycles concentrated in the same point x is a sequence of morphism u n : E n → F n which is p-periodic, i.e, u n+p = u n (x) for each n and such that each diagram
commutes. We denote p-cycles in the form
and denote the category of all p-cycles concentrated in x by H(p; x).
According to [17] , the category H(p; x) is connected, abelian and noetherian, where exactness and formation of kernels and cokernels have a pointwise interpretation. Moreover, it is equivalent to the category of coherent sheaves on a smooth projective curve. Note that any functor σ on H induces a functor on H(p; x) via pointwise actions, which will be still denoted by σ. Moreover, H(p; x) is again equipped with a natural shift automorphism σ x , which satisfies σ p x = σ x and sends a p-cycle of the form (2.5) to
Simple sheaves and line bundles in H(p; x).
Recall from [17] that there is a full exact embedding
We will identify H with the resulting exact subcategory of H(p; x). It is important to remind that the embedding functor ι is rank-preserved. The simple objects in H(p; x) occur in two types:
(1) the simple objects of H which are concentrated in a point y different from x; (2) for each simple object S from H, concentrated in x, the p simples:
Moreover, each S i is exceptional and End H(p;x) (S i ) ∼ = End H (S) := ∆, which is a finite skew field extension of k. Recall that S(x) = τ −1 S. The non-zero extensions between the simples of type (2) are given by
whereτ is the Auslander-Reiten translation of H(p; x). In particular, if there is a unique simple sheaf S in H concentrated in x, i.e, S(x) = S, thenτ (S i+1 ) = S i , where the indices are taken modulo p. That is, the extension-closed subcategory generated by the simples of type (2) is a tube of rank p.
Let E be a p-cycle in H(p; x) of the form (2.5). Then E is a torsion sheaf (resp. bundle) if and only if each E i a torsion sheaf (resp. bundle) in H. In the bundle case, each x i is a monomorphism since each x E i : E i → E i (x) is a monomorphism by (2.4). Now we consider the line bundles in H(p; x). Obviously, for any line bundle L ∈ H and 0 ≤ i ≤ p − 1, the p-cycle of the following form is a line bundles in H(p; x):
In fact, any line bundle in H(p; x) can be obtained in this way.
then each L i is a line bundle in H and each x i is injective. We claim that all but one of these x ′ i s are isomorphisms. In fact, assume x k is not an isomorphism for some k.
Then g is not an isomorphism implies so as h, which means S ′ = 0 since S L 0 is simple. It follows that f is an isomorphism, and so as
This proves the first part of the result. The second statement follows from the definition of morphisms between p-cycles, which are involved in the following diagram:
Let S = {S 2 , S 3 , · · · , S p | S simple in H and concentrated in x}, then the extension closure S of S is localizing in H(p; x), and the category S ⊥ consists of exactly those p-cycles of the form (2.5) such that x 0 , x 1 , · · · , x p−2 are isomorphisms, hence-up to isomorphism-agree with the objects from H. It follows that
Recollements and ladders induced by p-cycle construction
In this section, we will investigate the recollements and ladders induced by p-cycle construction for noncommutative exceptional curves. Throughout this section, let X be a noncommutative exceptional curve, and let H be the category of coherent sheave over X. We fix a point x of X. For any integer p ≥ 1, denote by H(p) := H(p; x) the category of all the p-cycles in H which are concentrated in x.
3.1. Reduction functor ψ i and insertion functor ψ i . For any 0 ≤ i ≤ p − 1, we define a pair of functors (ψ i , ψ i ) as follows. The reduction functor ψ i : H(p) → H(p − 1) is defined by sending a p-cycle E of the form (2.5) to a (p − 1)-cycle:
and sending a morphism of p-cycles
and sending a morphism of (p
. Roughly speaking, ψ i (E) is obtained from E by deleting the item E i and taking the composition of the morphisms E i−1
tained from E ′ by inserting in the i-th position a copy of
Recall that the functor σ x : H → H; E → E(x) induces a functor on H(p) (resp. H(p − 1)) via pointwise actions, which shares the same notation σ x . Denote by σ x and σ ′ x the natural shift automorphisms on H(p) and H(p − 1) respectively, then σ
By the above constructions, we have
For any n ∈ Z and 0 ≤ i ≤ p − 1, define
We only prove the first formula. The second one can be proved similarly. For 1 ≤ i ≤ p − 1, it follows immediately from the construction that
In general case, we have
3.2. Adjointness between reduction and insertion functors. Now we state our main observation on the adjointness between the functors ψ i 's and ψ i 's, which plays a key role in this paper. 
Proof. We first show that ψ i admits a right adjoint functor ψ i . By (3.3), we can restrict to 0 ≤ i ≤ p − 1. Let E be a p-cycle of the form (2.5) and E ′ be a (p − 1)-cycle of the form (3.1). Then Hom(ψ i (E), E ′ ) consists of sequences of morphisms (u 0 , · · · , u i−1 , u i+1 , · · · , u p−1 ) satisfying that the following diagram commutes:
Similarly, Hom(E,
which is functorial in both E and E ′ by standard arguments. This proves the adjointness of (ψ i , ψ i ).
By similar arguments we can show the adjointness ψ i−1 ⊣ ψ i . It follows that ψ i (resp. ψ i ) is exact since it admits both a left and a right adjoint. 
Similarly, we can prove ψ i ψ i−1 = id H(p−1) for any i ∈ Z. It follows that ψ i is fully faithful and ψ i is a quotient functor, see for example [9, Prop. I.1.3].
Recall that the set of simple sheaves in H concentrated in x is denoted by S x . For any i ∈ Z, setS i = S∈Sx S i , where the indices are taken modulo p. In the following we remain to show that Im(
, then E has the form (3.2). For any simple sheaf S in H concentrated in x, recall that S p−i has the form 0 → · · · → S → · · · → 0, where S sits in the position i. Hence Hom(S p−i , E) is determined by a morphism f i ∈ Hom(S, E ′ i ) with the following commutative diagram,
It follows that f i = 0 and then Hom(S p−i , E) = 0. Similarly, we can prove that Hom(E, S p−i−1 ) = 0. Then by Serre duality, Ext
It follows that E ∈ S ⊥ p−i and then Im(ψ i ) ⊆S ⊥ p−i . On the other hand, for any indecomposable E ∈S ⊥ p−i , assume E has the form (2.5). We are going to prove that x i is an isomorphism. If E is a torsion sheaf concentrated in a point different from x, then all of x 0 , x 1 , · · · , x p−1 are isomorphisms, we are done. If else, we consider the following exact sequence in H:
We claim both of Ker(x i ) and Coker(x i ) are torsion sheaves concentrated in x. In fact, if E is a torsion sheaf in H(p) concentrated in x, then both of E i and E i+1 are torsion sheaves in H concentrated in x, hence so as Ker(x i ) and Coker(x i ); if E is a vector bundle, then by [17, Sect. 4.2] the p-cycle (2.5) can be interpreted as a filtration
or equivalently as a filtration
of the fibre E x = E 0 (x)/E 0 of E at x given by the universal extension (2.4). It follows that Ker(x i ) = 0 and Coker(x i ) is a factor of E x , hence concentrated in x. This proves the claim. Now if x i is not injective, then ε = 0, which gives to a nonzero morphism in Hom(S p−i , E) via the following commutative diagram on the left-hand side, contradicting to E ∈S ⊥ p−i .
Similarly, if x i is not surjective, then π = 0, which gives to a nonzero morphism in Hom(E,S p−i−1 ) ∼ = DExt 1 (S p−i , E) via the above commutative diagram on the righthand side, another contradiction. Therefore, x i is an isomorphism, which means that E ∈ Im(ψ i ) and thenS ⊥ p−i ⊆ Im(ψ i ). Therefore, Im(ψ i ) =S ⊥ p−i , we are done.
Recollements between H(p) and H(p−1)
. In this subsection we will construct recollements between H(p) and H(p − 1) by using reduction functors and insertion functors. First we give a useful result, which is of interest itself: 
Proof. The only non-trivial thing is ( DHom C (−, S), − ⊗ ∆ S) form an adjoint functor. This follows from the natural isomorphisms
which are functorial in C and ∆ n for any object C ∈ C and n ∈ N.
The following lemma is a generalization of Lemma 3.5.
Lemma 3.6. Let C be a Hom-finite abelian k-linear category, let S be a full exact subcategory of C with a projective generator T . Denote by A := End C (T ). Then the following hold:
(1) the functor Hom C (T, −) induces an equivalence S ∼ / / mod A with quasiinverse − ⊗ A T ; (2) the functor − ⊗ A T : mod A → C admits a right adjoint Hom C (T, −) and a left adjoint DHom C (−, DA ⊗ A T ).
Proof. The statement (1) follows from the assumption that T is a projective generator. For statement (2), we denote by q = DHom C (−, DA ⊗ A T ) and show that (q, − ⊗ A T ) forms an adjoint pair. The adjointness of (− ⊗ A T, Hom C (T, −)) follows from dual arguments.
Observe that for any Y ∈ C, there is a natural isomorphism:
For any M ∈ mod A, consider the following injective co-presentation of M :
Now T is a projective generator implies − ⊗ A T is exact, yielding an exact sequence
This combining with (3.5) yields the following commutative diagram:
where η 2 and η 3 are both natural isomorphisms. It follows that η 1 is also a natural isomorphism, which claims the ajointness.
Recall that S x is the set of simple sheaves in H concentrated in x, andS i = S∈Sx S i for i ∈ Z/pZ. For any simple sheaf S ∈ S x , End H(p) (S i ) ∼ = End H (S) := ∆ is a finite skew field extension of k. Then∆ := End H(p) (S i ) is a product of n-copies of ∆, where n is the order of the set S x . Proposition 3.7. For any i ∈ Z, the following diagram is a recollement:
e e H(p − 1).
Proof. Combining with Proposition 3.2, Lemma 3.3 and Lemma 3.4, there is an adjoint triple ψ i ⊣ ψ i ⊣ ψ i+1 , where ψ i and ψ i+1 are fully faithful and Ker(ψ i ) = add(S p−i ) = Im(− ⊗∆S p−i ). Then by Lemma 3.6, we obtain the required recollement. The following result is helpful for lifting adjoint functors from abelian categories to their bounded derived categories. Observe that all the functors ψ i , ψ i and − ⊗∆S p−i are exact for any i ∈ Z. Hence they extend to exact functors between the bounded derive categories, which we denote by Ψ i , Ψ i and T i respectively. Then by Lemma 3.8, Ψ i , Ψ i are exact and Ψ i , T i are fully faithful. These functors fit into an infinite ladder as follows.
Ladders between D b (H(p)) and D b (H(p − 1)). Given any abelian category

Proposition 3.9. There exists an infinite ladder of period p as follows:
Proof. Firstly, according to Lemma 3.8, the adjoint sequence (3.4) between H(p) and H(p − 1) induces an infinite sequence of adjoint functors between their bounded derived categories: (H(p−1) ) . It follows that Ψ i is a quotient functor and
Consequently, there is an exact sequence of triangulated categories:
This induces a recollement by [8, Thm. 2.1]:
).
Denote the left and right adjoint functors of T i by T i l and T i r respectively. We claim that T i r = T 
can be completed to a recollement, which has the following form by Lemma 3.8 and its dual:
Here we use the following equivalences
It follows that the right adjoint functor of T i coincides with the left adjoint functor of T i+1 , i.e, T i r = T i+1 l , which we denote by T i . Then the infinite ladder (3.7) follows. Now we consider the periodicity of the ladder (3.7). Recall that there is a oneto-one correspondence between equivalence classes of recollements of D b (H(p)) and TTF-triples of D b (H(p) ), see for example [2, Prop. 2.1]. Observe that Ker(Ψ np+i ) = Ker(Ψ i ) and Im(Ψ np+i ) = Im(Ψ i ) for any n ∈ Z and 0 ≤ i ≤ p − 1. Hence there is an unbounded TTF-tuple which is periodic of period p:
It follows that the ladder (3.7) is periodic of period p.
Composition of recollements.
In this subsection, we fix an integer q with 0 < q < p to describe the recollements between the categories H(p) with H(p − q). We use the notation q to denote an arbitrary sequence (i 1 , i 2 , · · · , i q ) of integers with 0 ≤ i 1 < i 2 < · · · < i q < p. Set 1 = (1, 1, · · · 1) with q-entries, and define q ± 1 = (i 1 ± 1, i 2 ± 1, · · · , i q ± 1) via componentwise addition. We define the functor ψ q := ψ i 1 ψ i 2 · · · ψ i q−1 ψ iq as the composition of the following functors:
Similarly, we define
As a consequence of Proposition 3.2, we have an infinite sequence of adjoint functors
Let S(q) be the full subcategory of H(p) generated by the simple objects S i j 's, where S ∈ S x and 1 ≤ j ≤ q. Then S(q) is equivalent to a module category mod A(q), where A(q) is a product of path algebras of Dynkin type A n 's (determined by q). Denote by P q the projective generator of S(q).
Now we can obtain a recollement between H(p) and H(p − q) as follows, which can be thought as certain composition of recollements of the form (3.6).
Proposition 3.10. For any 0 < q < p, the following diagram is a recollement:
Proof. By (3.9) there is an adjoint triple ψ q−1 ⊣ ψ q ⊣ ψ q . Moreover, ψ q−1 (resp. ψ q−1 ) is a composition of fully faithful functors, hence itself is fully faithful. On the other hand, Lemma 3.6 yields the adjointness of the left half recollement and that − ⊗ P q is fully faithful. Hence it remains to show that Ker(ψ q ) = Im(− ⊗ P q ). For this let E be an indecomposable object in H(p) of the form (2.5). By definition, ψ q (E) = 0 if and only if E j = 0 for any j / ∈ {i 1 , i 2 , · · · , i q }, i.e, E belongs to the subcategory S(q). It follows that Ker(ψ q ) = S(q) = Im(− ⊗ P q ). This finishes the proof.
Passing to the bounded derived categories, we denote by Ψ q = Ψ i 1 Ψ i 2 · · · Ψ iq and Ψ q = Ψ iq · · · Ψ i 2 Ψ i 1 in a similar way as before. Let T q be the derived functor of −⊗P q . By similar arguments as in the proof of Proposition 3.9, we obtain that T q admits a right adjoint T q , and these functors fit into an infinite ladder:
Proposition 3.11. The following diagram is an infinite ladder of period p:
Recollements and Ladders for weighted projective lines
In this section we focus on the study of recollements for weighted projective lines in three different levels, including the category of coherent sheaves, its bounded derived category and also the stable category of vector bundles. 4.1. p-cycle interpretation for weighted projective lines. We first recall the alternative description of weighted projective lines in the sense of Geigle-Lenzing [10] by p-cycle construction due to Lenzing [17] .
Let X 0 be the usual projective line over k, and let λ = (λ 1 , λ 2 , · · · , λ t ) be a sequence of pairwise distinct points from X 0 and p = (p 1 , p 2 , · · · , p t ) be a sequence of positive integers. Associated to these data there is a weighted projective line X(p, λ) with the weight sequence p and parameter sequence λ, we refer to [10] for details.
Let inductively X i be the exceptional curve obtained from X i−1 by inserting weight p i in λ i , i.e, forming the category of p i -cycles in coh X i−1 which are concentrated in λ i . Then X t is isomorphic to the weighted projective line X(p, λ) (this statement has been shown in [17, Section 4] , an alternative proof is given by Hubery [12] recently). In the following we identify X t with X(p, λ).
From this construction, we see that for any 1 ≤ i, j ≤ t, if j ≤ i − 1, then there is a unique simple sheaf in X j concentrated in λ i , which will be denoted by S λ i ; if j ≥ i, then there are p i -simples in X j concentrated in λ i , which will be denoted by S λ i ,j 's, where the index j ∈ Z is taken modulo p i .
4.2.
Recollements of coh X(p, λ). In this subsection, we aim to classify the recollements of the category coh X(p, λ).
Let q = (q 1 , q 2 , · · · , q t ) be a sequence of integers with 0 ≤ q i ≤ p i − 1 for each i, which will be simplified denoted by q ≺ p below. For 0 ≤ i ≤ t, we denote by
In this case, Ker(ψ q i ) is a Serre subcategory of coh Y i generated by simple sheaves S λ i ,i j ( 1 ≤ j ≤ q i ), which is equivalent to the module category mod A(q i ).
For any sequence q = (q 1 , q 2 , · · · , q t ), we denote by
and similarly denote by
Observe that Ker(ψ q ) is a Serre subcategory of coh Y t generated by simple sheaves S λ i ,i j 's with 1 ≤ i ≤ t and 1 ≤ j ≤ q i , which we denote by S(q). Then S(q) is equivalent to the module category mod A(q), where A(q) = A(q 1 ) × · · · × A(q t ). Denote by P q the projective generator of S(q). We have the following main result: Theorem 4.1. Up to equivalence, each recollement of coh X(p, λ) has the following form for some integer sequence q ≺ p and some sequence q:
Proof. Using similar proof as in Proposition 3.10, one shows (4.1) is a recollement. Recall that there is a bijection between equivalent classes of recollements of coh X and bilocalizing Serre subcategories of coh X, see for example [22, Thm. 4.3] . Observe that the corresponding bilocalizing Serre subcategories of (4.1) is just S(q). Hence it suffices to show that any bilocalizing Serre subcategories of coh X has the form S(q) for some q, this follows from [11, Prop. 9 .2] and its dual. p, λ) ). Now we consider the ladders of D b (coh X(p, λ)). By Lemma 3.8 we obtain a family of derived functors Ψ q , Ψ q and T q from the exact functors ψ q , ψ q and − ⊗ P q respectively. Similarly as in Proposition 3.11, we have 
Ladders of
Ladders for the stable categories of vector bundles. Let X t = X(p, λ) be a weighted projective line of weight type p = (p 1 , p 2 , · · · , p t ) with parameter data λ = (λ 1 , λ 2 · · · , λ t ). Denote by vectX t the full subcategory of coh X t formed by all torsion-free sheaves (i.e. vector bundles). We introduce briefly a Frobenius exact structure on vectX t , for more details we refer to [16, Sect. 3] .
is exact. By using Serre duality, we know that ξ is distinguished exact if and only if Hom(ξ, L) is exact for each line bundle L. According to [16, Prop. 3.2] , the distinguished exact sequences define a Frobenius exact structure on vectX t , such that the indecomposable projectives (resp. injectives) are exactly the line bundles. It follows that the associated stable category vectX t obtained from vectX t by factoring out all the line bundles is a triangulated category.
For simplicity, we denote by Y :
, and use the notation Y(q) := X(p 1 , p 2 , · · · , p t−1 , q; λ 1 , λ 2 , · · · , λ t ) for any 1 ≤ q ≤ p := p t . It follows that coh Y(q) = (coh Y)(q; λ t ). Then by Proposition 3.2, there exists an infinite sequence of adjoint functors between coh Y(p) and coh Y(p − 1):
Observe that for any i ∈ Z, the functor ψ i : coh Y(p) → coh Y(p − 1) preserves the rank of coherent sheaves, in particular, it preserves torsion sheaves (rank= 0) and vector bundles (rank> 0) respectively, hence it restricts to a functor between the subcategories of vector bundles, which we still denote by ψ i : vectY(p) → vectY(p−1). Similarly, we have a restriction functor ψ i : vectY(p − 1) → vectY(p). 
Now using the adjointness ψ i ⊣ ψ i , we obtain an exact sequence
which means ψ i (ξ) is distinguished exact. We are done.
Consequently, for any integer i, the functors ψ i and ψ i induce triangle functors between the stable categories: 
Proof. These follow from Proposition 3.2 and Lemma 3.3.
The following lemma plays a key role for our further discussion. 
where E 0 is a direct sum of line bundles in coh Y.
Proof. Observe that Ker(ψ np+i ) = Ker(ψ i ) for any n ∈ Z, hence we can restrict to 0 ≤ i ≤ p − 1. Fix such an integer i we let E ∈ Ker(ψ i ) be an indecomposable vector bundle over Y(p). Assume E has the following p-cycle form:
It follows that each morphism x k in (4.3) is an isomorphism for k = i − 1 or i. This finishes the proof.
Remark 4.6. Let D be the full subcategory of vectY(2) consisting of the 2-cycles E 0 → E 1 → E 0 (x) with E 0 , E 1 ∈ vectY and E 0 being a direct sum of line bundles.
(1) If we take p = 2 and i = 1 in the above lemma, we obtain that D = Ker(ψ 1 ), which is a triangulated subcategory of vectY (2) .
(2) If we take t = 3, i.e, Y has weight type (p 1 , p 2 ), then each indecomposable vector bundle in coh Y is a line bundle, hence D = vectY(2). 
vectY(p)
. . . 
Then by Lemma 4.5 we see that Ker(ψ 1 ) = Im(t 1 ). Hence we obtain a recollement by [8, Thm. 2.1] as follows:
Note that the category vectY(p) admits Serre duality, by using the reflecting approach introduced by Jøgensen in [13] , we finally obtain a ladder, which should have the form (4.5) by the exactness sequence (4.2).
Recall that there is a bijection between recollements of vectY(p) and triangle TTFtriples in vectY(p). In particular, the recollement (4.4) corresponds to the triangle TTF-triples (Im(ψ 0 ), Ker(ψ 1 ), Im(ψ 1 )). Observe that for any 0 ≤ i < p and n ∈ Z, we have Ker(ψ np+i ) = Ker(ψ i ) and Im(ψ np+i ) = Im(ψ i ). Hence there is an unbounded TTF-tuple which is periodic of period p:
(· · · , Im(ψ i−1 ), Ker(ψ i ), Im(ψ i ), Ker(ψ i+1 ), Im(ψ i+1 ), · · · ).
It follows that the ladder is periodic of period p.
For any sequence q = (i 1 , i 2 , · · · , i q ) of integers with with 0 ≤ i 1 < i 2 < · · · < i q < p, we can defineψ q =ψ i 1ψ i 2 · · ·ψ iq andψ q =ψ iq · · ·ψ i 2ψ i 1 in a similar way as before. The stable category of vector bundles over a weighted projective line of weight triple case is of particular interest, we refer to [16] for more details. From now on, we assume Y(p) is of weight triple, i.e, Y has weight type (p 1 , p 2 ). In this case, we have the following result, which covers the main result in [5] . Proof. First we show that (4.6) is exact for i = 0. In fact, by Proposition 4.4 we see thatψ q c is fully faithful andψ q is a quotient functor, since they are compositions of fully faithful functors and quotient functors respectively. Moreover, by similar arguments as in the proof of Lemma 4.5, we can obtain that Ker(ψ q ) is the subcategory of vectY(p) consisting of objects of the form
